Motivated by its relation to an N P-hard problem we analyze the ground state properties of anti-ferromagnetic Ising-spin networks in planar cubic lattices under the action of homogeneous transverse and longitudinal magnetic fields. We consider different instances of the cubic geometry and find a set of quantum phase transitions for each one of the systems, which we characterize by means of entanglement behavior and majorization theory. Entanglement scaling at the critical region is in agreement with results arising from conformal symmetry, therefore even the simplest planar systems can display very large amounts of quantum correlation. No conclusion can be made as to the scaling behavior of the minimum energy gap, with the data allowing equally good fits to exponential and power law decays. Analysis of entanglement and especially of majorization instead of the energy spectrum proves to be a good way of detecting quantum phase transitions in highly frustrated configurations. Quantum many bodied systems are of increasing interest in modern physics, particularly systems that exhibit a quantum phase transition (QPT). The nature of the quantum correlations between the components of these systems has been the subject of several recent studies [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] , with the suggestion that systems in the vicinity of the critical point are highly entangled. In this work we consider the phase-structure of a spin-model for which finding the ground state can, for certain parameters, be proven to belong to the complexity class N P-hard [15]. We detect the presence of a QPT between paramagnetic and anti-ferromagnetic phases and find that this transition is accompanied by a peak in the entanglement between different parts of the system with a scaling behavior that makes it hard to simulate classically [8, 14, 16, 17] . Additionally, for the simplest realization of the spin network, we have calculated the minimum energy gap for networks of up to N = 24 spins. The data accommodates equally good fits to both exponential and power law decays, allowing no conclusion to be formulated as to the efficiency of adiabatic quantum algorithms in solving this classically N P-hard problem. Finally, we study the effects of frustration in these spin networks, which adds an extra element of complexity, altering the phase structure of the system. The Hamiltonian under consideration is
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where the sums over i, j and i run over the edges and vertices respectively of the particular lattice under study. The parameters B and Γ are respectively the longitudinal and transverse magnetic fields, and N is the number of spins (qubits) each associated with an individual vertex of the lattice. Spin networks of various planar cubic geometries are considered, and a QPT between paramagnetic (large fields), and anti-ferromagnetic (low fields) phases is expected in each case, as shown in Fig.1 For planar cubic lattices a ground state search of this system is N P-hard for the parameters B = 1, Γ = 0, however for extremely high fields, finding the ground state is clearly trivial, regardless of the size of the system. This gives rise to the possibility of performing the classically N P-hard ground state search using a quantum adiabatic algorithm. The procedure would be as follows: set the quantum register into the paramagnetic groundstate of the system, with a very large magnetic field, and adiabatically change this field to the values B = 1, Γ = 0. The system is guaranteed to evolve to the ground-state of this final Hamiltonian with a high probability. This involves crossing the phase boundary from the paramag-netic phase to the anti-ferromagnetic stage, and the time required to perform the procedure is dependent on the energy spectrum at the transition point. Thus the structure of the QPT, and in particular the scaling behavior, can determine the computational cost of the adiabatic quantum algorithms of the type described above.
Initially we study the simplest planar cubic lattice, the "ladder on a circle" geometry from Fig.2 , which consists of two coupled one-dimensional periodic spin chains. These lattices always contain an even number of nodes N , however they can be divided into two classes, those with an even number of nodes on each ring for which there is no frustration, and those which contain an odd number of nodes on each ring which do exhibit frustration. For the small lattice sizes we have considered (N ≤ 24), the phase diagram of the system in the (B,Γ) plane strongly depends on whether the system is frustrated or not. While for the non-frustrated instances a rich phase-structure was observed, with several clear indicators of a QPT, the transition for the frustrated systems is more elusive. Clearly both systems must, in the thermodynamic (large N ) limit, share the same phase diagram. Quantum phase transitions are marked by the vanishing of the first energy gap (∆ 12 ), the difference between the ground-state and the first excited state energies. In the systems under study in this article this gap behaves as a possible order parameter, being finite in the paramagnetic phase while decreasing to zero for the antiferromagnetic phase in the thermodynamic limit.
Typically the existence of a quantum phase transition is also marked by a clear minimum in some other higher energy gap close to the critical point, which can be easily observed for finite systems. We detect this minimum in the second energy gap (∆ 13 ) for the non-frustrated systems studied in this article, as is shown in Fig.3 for the non-frustrated ladder with N = 16. In frustrated systems however, the multiple degeneracy of the ground-state in the anti-ferromagnetic phase implies that the minimum will only be manifest in some higher energy gap, making it far more difficult to observe.
The importance of the second energy gap ∆ 13 lies also in its role controlling possible adiabatic evolutions across the critical regions for non-frustrated ladders. In these systems, numerical analysis shows that there is no matrix element of the magnetic field terms of the Hamiltonian between the ground and first excited states, therefore precluding a direct transition between these two states by adiabatically changing the magnetic fields. Consequently, it is not the first energy gap ∆ 12 , but the second energy gap ∆ 13 the one that determines the required evolution time of any adiabatic process across this set of quantum phase transitions. When moving between the two different phases, the ground state correlations of one particle with the rest of the system, as measured by the entanglement entropy S(ρ 1 ), ρ 1 being the reduced density matrix for a single spin, do not show any peak in the critical region. This single particle entanglement rises from zero in the paramagnetic region, to become maximal in the antiferromagnetic phase due the Z 2 symmetry of the system, which leads to degeneracy of the ground state in the Γ → 0 limit (e.g., the ground state for the "ladder geometry" is close to a GHZ state of N qubits in this limit). This fact leads to some numerical noise in the data. As any linear combination of degenerate eigenstates is also an eigenstate, some quantities, including entanglement measures, which are different for the different ground states, become ill defined at this point, and depend on which state is chosen. Additionally, although actually non-degenerate for finite Γ, in larger systems the first energy gap may be too small for the diagonalization algorithm to resolve, leading similar problems for small values of Γ. This noise may be seen in some of the plots presented in this article, however wherever it is observed, the limiting behavior of the system is clear.
In contrast to the single particle entropy, the QPT is well-detected by the entropy of N/2 particles S(ρ N/2 ), ρ N/2 being the reduced density matrix for N/2 spins, as seen in Fig.4 . The entanglement between the exterior and the interior rings of the graph shows a peak at the critical points of the phase diagram. The QPT is therefore identified by a collective measure of entanglement, involving quantum correlations between large blocks of qubits. Scaling of this N/2-particle entanglement at the critical region of the (B,Γ) plane with the size of the system seems to be in agreement with considerations from conformal symmetry, which predict a leading scaling behavior of S(ρ N/2 ) ∼ N for our system, that is, entanglement entropy scales as the size of the boundary of the splitting, measured in terms of the number of qubits. Note that, despite the fact that our configuration is planar, the particular geometry we have chosen forces the scaling behavior of the entropy to be strongly linear, due to the linear number of short-range interactions we "cut" with the bipartition between the inner and outer ring [4, 5, 8, 14, 18, 19, 20] . Simulations for non-frustrated lattices up to 24 qubits show that for the QPT across the B = 1 line, the entanglement entropy tends to obey S(ρ N/2 ) ∼ 0.08 N as the size of the system increases (see Fig.5 ). This behavior is similar to the linear law already found in [8] for the Exact Cover adiabatic quantum algorithm, and clearly differs from the logarithmic law found in [4, 5] for quantum spin chains. Entanglement scaling according to this particular bipartition of the system implies that even this simple planar model is able to produce an exponentially large amount of quantum correlations, as measured by the maximum rank of the reduced density matrices over all possible bipartitions, in such a way that classical simulations of the transition and of possible adiabatic quantum algorithms would become inefficient [8, 14, 16, 17] .
Regarding the scaling behavior of the minimum value of the second energy gap, no definite conclusion can be extracted from our data for systems up to 24 qubits. As can be observed in Fig.6 , where we plot the minimum energy gap along the B = 1 line as a function of the size of the system, we can not distinguish between exponential and power law decays for this quantity, as both of them are almost equally good. A confident determination of the scaling law in this case would involve the analysis of much bigger systems, which are clearly outside of our computational capabilities. As a consequence, no conclusion can be formulated as to the efficiency of possible adiabatic quantum algorithms in solving the N Phard problem of determining the ground state of generic anti-ferromagnetic planar cubic systems with B = 1 and Γ = 0 [15, 21] .
Techniques from majorization theory [22, 23, 24, 25, 26] have proven to be fruitful in characterizing the structure of the ground state across a QPT. We have chosen to calculate the 2
where |i is a quantum state from the computational basis, |ψ g is the ground state of the system, and p ↓ i are the probabilities sorted into decreasing order) at each step when varying the Hamiltonian parameters. The majorization analysis of this set of probabilities has been useful in the study of efficiency in quantum algorithms [27, 28, 29] . Across the QPT on the line B = 1, we observe in Fig.7 that there Figure 6 : The top figure is a semi-log plot of the minimum value of the second energy gap along the B = 1 line as a function of the number of qubits, up to N = 24. Linearity of this plot would imply that gap decreases exponentially with the size of the system. The bottom figure is a log-log plot of the same data. Linearity of this plot would imply that the gap decreases as a power law with the size of the system. Both plots allow a linear fit with R 2 > 0.99 indicating that the scaling behavior of the energy gap requires the consideration of bigger systems to be determined confidently.
exist a majorization arrow in the direction of decreasing transverse magnetic field Γ. The rapid growth of the cumulants starts precisely at the critical region, which indicates that this majorization analysis is sensitive to quantum phase transitions: such a sudden increase of the ground state cumulants in the final eigenbasis may be a signal of the presence of a critical point.
Step-bystep majorization implies that the ground state is becoming increasingly ordered after each step in a very strong sense, at the precise level of each one of the probabilities, not just at the global level of expectation values, such as the mean magnetization. In frustrated ladders a second transition is observed, indicated clearly in the majoriza- tion curve from Fig.8 , which is taken along the line Γ = 1 again in the computational basis. This second transition is a result of the frustration in the system and, due to the high level of degeneracy of the ground-state in the region, is difficult to detect as a compression of energy levels, as shown in Fig.9 , or as a peak in the entanglement entropy. Indeed even the onset of the transition at B ≈ 2.5 is far more clear when looking at the majorization cumulants than the energy spectrum An alternative majorization analysis arises from the probability distribution obtained from the eigenvalues of the reduced density matrix of N/2 particles ρ N/2 . In the case of the "ladder" geometry this is obtained after tracing out one of the two rings. The behavior of the entanglement entropy implies that the disorder of this distribution is maximum at the critical point. An analysis in terms of the majorization cumulants reveals a change of behavior for most of the cumulants at the critical point, which reach their minimum valuescorresponding to maximum disorder-and turn from stepby-step minorization to step-by-step majorization. This point seems to be a turning point for the lowest eigenvalue, where its second derivative is zero. This can be observed in Fig.10 .
Other planar cubic lattices of different geometries show different behaviors of the phase diagram in the (B,Γ) plane. For example, we have analyzed the two geometries shown in Fig.11 (which we call "pentagonal" and "tetragonal" geometries) for N = 20 and N = 16 qubits respectively. These geometries are easily scalable, and for small instances, highly frustrated. The disappearance of the first energy gap at low values of the Hamiltonian parameters, as seen in Fig.12 , indicates the presence of a QPT in the system. As opposed to the non-frustrated lattices no clear minima can be observed in the second energy gap for this geometry. The transition can, however, also be detected in the study of the entanglement entropy for N/2 spins in the (B,Γ) plane, which reveals a sudden change in the structure of the ground state along a line separating low from high values of the magnetic fields, as shown in Fig.13 and Fig.14 . This set of quantum phase transitions corresponds to a compression of the high energy levels of the system at the points at which correlations, as measured by the entanglement entropy, are maximum [10] .
The majorization analysis for these lattices reveals similar results to the ones presented for the "ladder" geometry: for B = 1 and when decreasing Γ the cumulants coming from the probabilities for the ground state of being in one of the computational states suddenly increase again at the critical point, as is observed in Fig.15 and Fig.16 . Another signature of the QPT can be seen in the majorization behavior of the eigenvalues of the reduced density operator ρ N/2 obtained when tracing out half of the system, which exhibit a minimum for some of the lowest cumulants at the critical point as is seen in Fig.17 and Fig.18 .
To summarize, we have analyzed and characterized quantum phase transitions in anti ferromagnetic planar cubic lattices under the action of homogeneous magnetic fields. We have shown that techniques from quantum in- formation science [30] , such as the behavior of entanglement entropy or majorization theory, can be directly applied to the study of quantum many-body systems, leading to new points of view in the study of quantum critical phenomena. Lattices of different geometries present very rich phase diagrams with characteristic and differentiated anti-ferromagnetic and paramagnetic regions. Scaling laws for entanglement at the critical point seem to be in agreement with the laws predicted by conformal symmetry, in a way that even the simplest planar models are able to provide exponentially large quantum correlations, as measured by the maximum rank of the reduced density matrices over all possible bipartitions. The understanding of the behavior of these systems is well characterized by the use of majorization theory and the analysis of entanglement entropy, both of which reveal details about the transitions present in the models which are sometimes hard to be obtained by the study of the energy spectrum. Support Group, Department Of Defence, Australia) for computational support.
